This article describes an inventory model with several attributes. The primary purpose of an economic order quantity (EOQ) model is to select the best alternative in the face of uncertainty and other considerations. Unlike an intuitionistic fuzzy set (IFS), a hesitant fuzzy set (HFS) has an emergent implication in current decision-making problems. A membership function class is assumed, and a hesitant fuzzy decision matrix with elements that are membership grades is constructed. Using these values, the scores are derived with the help of hesitant fuzzy weighted geometric (HFWG), hesitant fuzzy geometric (HFG), hesitant fuzzy Einstein weighted geometric (HFEWG) and hesitant fuzzy Einstein ordered weighted geometric (HFEOWG) operators. Finally, a decision is made using the scores of each alternative.
Introduction
A hesitant fuzzy set (HFS) is the generalization of all types of fuzzy sets. Due to the versatile nature of an HFS, other types of set that are similar to HFSs, namely, dual hesitant fuzzy sets (DHFSs) [53] , interval-valued HFSs [14] , generalized HFSs [29] , and HFS linguistic term sets [32] have been developed by researchers in recent years. However, in operational terms, numerous aggregation operators have been presented in the literature, including the hesitant fuzzy weighted averaging (HFWA), hesitant fuzzy averaging (HFA), hesitant fuzzy Bonferroni weighted geometric (HFBWG), hesitant fuzzy Choquet integral (HFCI), HFEWG, and HFEOWG operators [46] . Farhadinia [25] has studied a novel method for ranking HFS decision-making problems, and Broumi [11] has developed some new operational laws for interval-valued intuitionistic hesitant fuzzy sets. Based on the nature of each problem, researchers in different disciplines have been investigating these operators and their scores and accuracy in minimizing the amount of conflict in the decision-making process.
The intuitionistic fuzzy set (IFS) was introduced by Atannasov [5, 6] . Since then, a large number of research articles on inventory management problems that consider this topic have been published. In such problems, the membership and non-membership functions are used to determine a score. De and Sana [19] have developed a backlogging model using IFSs with the score of the objective function. De et al. [18] have studied an EOQ model with backorder that considers the interpolation bypass technique as an alternative to the Pareto optimality technique for intuitionistic fuzzy sets. On decision-making problems, a trapezoidal-valued IFS has been studied by Beg and Rashid [8] ; interval-valued intuitionistic fuzzy sets have been developed by Wei et al. Wei et al. [44] , and geometric aggregation rules have been analysed by Wei [45] . Authors such as Takeuti and Tinani [36] , Atanassov and Gargov [4] , Dabois et al. [16] , Dymova and Sevastjanov [24] , Angelov [3] have studied current issues in decision-making problems using IFSs in inventory management. In an intuitionistic fuzzy environment, De [20] has investigated an EOQ model in which a natural idle time (the duration of the general closing time each day) is considered.
In a fuzzy inventory, after the studies of by Zadeh [51] and Bellman and Zadeh [9] ; numerous articles about ranking L-R fuzzy numbers were analysed by Wang et al. [43] , the centroid method was used by Voskoglou [41] , and Allahviranloo and Saneifard [2] have already been able to rank fuzzy numbers using the centre of gravity method. Ramli and Mohamad [30] performed a comparative analysis of the centroid method. A novel approach called the genetic-algorithm-based fuzzy weighted average had been carefully studied by Deep et al. [22] . Another approach, the acut method, has been discussed by De and Goswami [17] . De and Sana [21] have used a-cuts and Yager's [50] ranking index to solve the fuzzy order quantity inventory model problem with a fuzzy quantity shortage and fuzzy promotional index. Banerjee and Roy [7] have described a fuzzy probability model.
Numerous research articles on supply chains have been published recently. C ardenas-Barr on and Sana [13] have studied a twoechelon supply chain model for sales teams' initiatives' dependent demand rate. A model to honour Ford Whitman Harris was developed by C ardenas-Barr on et al. [12] . Recently, Sana and C ardenas-Barr on [35] have studied a multi-item economic production quantity (EPQ) model for promotional-effort-sensitive demand. Recently, the vendor-managed EPQ model that includes deterioration and the defective-items-related vendor-buyer integrated model were analysed by Taleizadeh et al. [37] and Treviño-Garza et al. [38] , respectively.
A hesitant fuzzy set can cover almost all of the fields in the physical sciences and social sciences. It can be applied to the study of human behaviour, emotions, natural instincts and crime. Using this process, we can remember the contributions of Wang and Jiang [42] to the noble knowledge of international justice. We can apply hesitant fuzzy set-theoretic decision analysis to the punctual research developed by the researchers such as Dudycha [23] , Harsanyi and Selten [27] , Jean [39] , and Hoff and Stiglitz [28] . The uncertainties in the stock market have been studied by Rizvi and Arshad [31] . The aspect-oriented programming (AOP) method for efficient services has been introduced by Choi [15] . However, a methodological study in professional fields has been improved by Akhayan and Kleshcheva [1] and by Bernavskaya [10] alone.
In our present study, which refers to the model developed by De [20] ; which has also been described by Sana [33, 34] , a profit function is considered. On the basis of different qualitative characteristics of a single item, attributes are first identified and then, re-arranged according to a normal standard. Then, assuming different criteria on the basis of different inputs to the model, a fuzzy membership function is developed. As for a fuzzy set, we have used the nearest interval number [26] to create a triangular fuzzy number. Then, considering a class of bell-shaped membership functions, we take the membership grades at the lower, centre and upper objective values of the objective functions. In this way, we create a hesitant fuzzy decision matrix. Finally, we use several aggregation operators to determine the scores and rank them.
This paper has been organized as follows: Section 1 presents an introduction to the literature, Section 2 describes Assumptions and notation considerations, Section 3 lists the Preliminaries of the model, Section 4 formulates a crisp model, Section 5 formulates a fuzzy mathematical model and determines its implications for an HFS, Section 6 illustrates the model with numerical examples, and a selection of the best alternatives and conclusions are presented in Section 7.
Assumptions and notation
The following notation and assumptions are used to develop the model. h : X/fð½0; 1Þ: 
where n(h) is the number of elements in h and s(h) is the score function. For two HFEsh 1 and h 2 ,
Definition 5. [46] : Leth i ði ¼ 1; 2; …nÞbe a collection of HFEs; then, the hesitant fuzzy weighted geometric (HFWG) operator is a map-pingH n /Hsuch that
; ;
, then the HFWG operator reduces to the hesitant fuzzy geometric (HFG) operator 
Decision making with a hesitant fuzzy set Let y ¼ fy 1 ; y 2 ; …y m g be a discrete set of alternatives. Let A ¼ fA 1 ; A 2 ; …A n g be a collection of attributes and let w ¼ ðw 1 ; w 2 ; …w n Þ be the weight vector of A j ð j ¼ 1; 2; …nÞ, with w j > 0; j ¼ 1; 2; …; :n and P n j¼1 w j ¼ 1. If the decision makers provide several values for the alternatives y j ð j ¼ 1; 2; …; mÞ for the attribute A j ð j ¼ 1; 2; …nÞ with anonymity, these values can be considered HFEs, h ij . If two decision makers provide the same value, the value emerges only once in the h ij . Suppose the decision matrix H ¼ ðh ij Þ mÂn is a hesitant fuzzy decision matrix where the h ij ð i ¼ 1; 2; …m; j ¼ 1; 2; …nÞ are in the form of HFEs. Then, to determine the best alternatives, we use the following operators:
Or
Now, we select w j > 0; j ¼ 1; 2; …; n and P n j¼1 w j ¼ 1 using the normal distribution-based method [49] and, applying definitions 3, 4 and 5, we rank them and determine the best alternatives.
Converting a fuzzy number to its nearest interval number
Let e A ¼ ða 1 ; a 2 ; a 3 Þ be an arbitrary triangular fuzzy number with linear membership function
The a-cut of the membership function of A can be written as ½A L ðaÞ; A R ðaÞ . Now, per Grzegorzewski [26] ; the nearest interval is
Basic interval arithmetic
Let A ¼ ½a 1 ; a 2 ; B ¼ ½b 1 ; b 2 and the usual operations fþ; À; Â; ÷g, namely addition, subtraction, multiplication and division be as follows:
Optimizing the interval environment
We have the problem of finding interval-valued coefficients for the variables in the non-linear objective function.
To solve it, the first step is to minimize ZðXÞ ¼ P n i¼1 ½a Li ; a Ri Q k j¼1 x rj j subject to x j > 0; j ¼ 1; 2; …n ; r j 2Q ðthe set of rational numbersÞ and x2F2R þ , where F is a feasible region of x. Then, we can split ZðXÞ into the form
and the centre of the objective function is
The crisp mathematical model Inventory (Fig. 1) is taken at opening time, t 1 and meets the demand of d items per unit time. Then, it remains steady up until closing time, t 2 . Then, it starts at the next day's opening time; this process continues for up to ðn þ 1Þ days.
Therefore, the inventory holding cost (HC) is
where q ¼ ðn þ 1Þdt 1 (15) and ðt 1 þ t 2 Þ ¼ 1:
The cost of idle time is
The length of a cycle is
From equations (14e18), the total average profit per cycle is given by z ¼ ½Revenue À ð Holding cost þ Idle time cost þ Setup costÞ Â Numberof cycles
Now, our objective is to maximize Z such that
subject to the following conditions: q ¼ ðn þ 1Þd t 1 ; ðt 1 þ t 2 Þ ¼ 1:
Special Case: If we assume t 2 /0; then i c ¼ 0; therefore, equation (19) reduces to
This is the classical EOQ model.
The fuzzy mathematical model
We consider the cost vector and the demand rate fuzzy numbers. Then, the objective function (20) , after fuzzification, is as follows:
Maximize e z ¼ n f
Using equations (9e10) and basic interval arithmetic, we have the following: 
The implications of HFS theory for inventory management problems
HFS theory is a subject in fuzzy set theory that is growing in popularity, and it covers all of the fields in the decision-making and support systems in operations research (OR). Because inventory management is a part of OR, it is quite natural to study inventory problems in a hesitant fuzzy environment. In inventory decisionmaking processes, we usually observe that any commodity is available from several companies at the different cost and selling prices and different levels of quality, for which the demand varies. Consequently, the decision makers (DMs) in any business management team should use information gathered from surveys of the global market to sustain their business in the future. To handle such information, researchers rely usually on stochastic models, including fuzzy stochastic models. However, in the last decades, before the invention of HFS theory, there was no tool as powerful (although some aggregation operators Xia et al. [47, 48] are present in IFS theory, their application to inventory models is critical, more complex and not verified by other methods) was present to help with the selection of the best alternatives without going through the complete solution process of the inventory system.
Generally, the attributes of any inventory model are qualitative in nature; examples include {getup/packing, durability, availabil-ity}, {fresh, nutritious, tasty} and {purity, usefulness, availability}. As the quality varies, the parameters associated with it may change and, therefore, we have a sequence of models, namely, a model set. When several membership functions or a family of membership functions are considered, we create a hesitant fuzzy decision matrix.
The hesitant fuzzy mathematical model Suppose we are interested in studying the model's maxima, at which the characteristic attributes of the items are qualitative, namely, f Purity; Food value; Tasty g or f getup; durability; availabilityg; etc. We define this type of attribute as A ¼ fA 1 ; A 2 ; A 3 g. Suppose a fruit seller has four different fruits and he/she has to choose one of them to focus on to maximize the average profit. The only available information is that the set of membership values of the different alternatives with various attributes are known here. Now, the general form of a hesitant fuzzy decision matrix is
We define the membership value g ij from the family of bellshaped membership functions as follows:
These functions are continuous on ½L ij ; U ij and 0 < q ij < 1 for i ¼ 1; 2; …m and j ¼ 1; 2; ::n:
In our model, three attributes and four alternatives (Table 1 ) are present; they are defined as follows:where g z i ¼ fg z i1 ; g z i2 ; …g z in g is obtained from (26) . With these criteria, the fuzzy objectives are shown in Table 2 .
The procedure for solving the hesitant fuzzy mathematical model
The procedure for solving this problem in a hesitant fuzzy environment is as follows:
Step 1 Find the lower, centre and upper value of each alternative (stated in b ¼ $300, and l ¼ 0.3. The optimal solution is given below ( Table 3) . Table 2 Probable fuzzy alternatives.
Criterion
Profit function
)# e T Table 3 The optimal crisp solution. Using the formulas given inequation (10)for these fuzzy numbers, we have ðc 1L ; c 1C ; c 1R Þ ¼ 2:25; 3; 3:75, ðb L ; b C ; b R Þ ¼ 275; 300; 325 ðp L ; p C ; p R Þ ¼ 17:5; 20; 22:5ðd 0L ; d 0C ; d 0R Þ ¼ 45; 50; 55, l L ; l C ; l R ¼ ð0:2; 0:3; 0:4Þ, i cL ; i cC ; i cR ¼ ð7; 8; 9ÞandT L ; T C ; T R ¼ ð25; 30; 35Þ:
Now, solvingequations (23), (24) and (25)for each alternative, we find the solutions presented inTable 4and the values of the parameters in a fuzzy sense (Table 5e12) .
From Table 12 , we see that the score of criterion X 4 provides the best solution of all of the alternatives for several aggregation operators because the models have benefit criteria. Therefore, the decision maker (DM) selects the case in which all of the parameters are fuzzy numbers, i.e., the case in which all of the parameters are changed. This indicates that the "all-varied parametric model" provides a better average profit than the others. From Table 4 , we also see that the lower profit of X 4 is higher than all of the other alternatives. This reveals that each DM expects that the minimum profit be high, disregarding the higher expected profit (the upper value). In some of the other alternatives, the average profit is unexpectedly low. As a result, the decision made using the various operators is an acceptable one.
Conclusions
In this paper, a new concept of fuzzy set, namely, the HFS, is introduced into the inventory management literature. For the sake of simplicity, we used a single family of membership functions of the objective function of the model set. In addition, for several aggregation operators, we have used the most wellknown Einstein weighted aggregation geometric operator. In this study, we observed that the operators used in the present model led to the same decision. However, we have incorporated the concept of a "natural idle time" and made the demand rate exponentially dependent on the total amount of time the business is open during a cycle in the classical EOQ inventory model. Such considerations are introduced because, as we know for any inventory policy, opening the shop/industry/inventory to the public is a basic need to ensure that the goods are ordered as quickly as possible. The limitations of the study in our present article are as follows:
1. The decision is made only on the basis of the HFS scores; this process could be tested using other operators relating to IFS theory or simply fuzzy set theory. Table 4 The optimal solution for a multi-decision function with ðt * 1 ¼ 0: 2. The decision should be tested by considering several membership functions of the fuzzy parameters instead of selecting a particular family of membership functions. 3. The choices of aggregation operators should have proper justifications.
Criterion Decision variable
The above limitations could be relaxed in future studies. Table 9 The decision matrix for the HFWG operator. Table 10 The decision matrix for the HFG operator. Table 11 The decision matrix for the HFEWG EOP operator. 
